ON THE CANONICAL REAL STRUCTURE ON 
WONDERFUL VARIETIES 



D. AKHIEZER AND S. CUPIT-FOUTOU 

Abstract. We study equivariant real structures on spherical va- 
rieties. We call such a structure canonical if it is equivariant with 
respect to the involution defining the split real form of the act- 
ing reductive group G. We prove the existence and uniqueness 
of a canonical structure for homogeneous spherical varieties G / H 
with H self-normalizing and for their wonderful embeddings. For 
a strict wonderful variety we give an estimate of the number of real 
form orbits on the set of real points. 
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Introduction 

A real structure on a complex manifold X is an anti-holomorphic 
involution [l : X — > X. The set of fixed points X^ of /i is called the real 
part of (X, //). If it is clear from the context which /i is considered then 
the real part will be denoted by MX. In our paper, we are interested in 
the algebraic case. This means that X is a complex algebraic variety, 
which we will assume non-singular though this is not needed for the 
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definition of a real structure. Also, \x is algebraic in the sense that for 
any function / regular at x G X the function / o \x is regular at \x{x). 

It is not easy to classify all real structures on a given variety X. Much 
work is done for compact toric varieties, where one has the notion of 
a toric real structure. Namely, if X is a toric variety acted on by an 
algebraic torus T then a real structure /j : X — > X is said to be toric if 
/j normalizes the T-action. It is natural to classify toric real structures 
up to conjugation by toric automorphisms, i.e., by automorphisms of 
X normalizing the T-action. Again, such a classification is not easy. 
For toric surfaces and threefolds it was obtained by C. Delaunay; see 

In the toric case, there is a notion of a canonical real structure. This 
is a real structure which is usually defined as complex conjugation on 
the open T-orbit, but we prefer a slightly different and more general 
definition. Let o : T — > T be the involutive anti-holomorphic automor- 
phism of the real Lie group T which coincides with inversion on the 
maximal compact torus T c C T. If T ~ (C*) n then the real form de- 
fined by a is split, i.e., isomorphic to (R*) n . A canonical real structure 
on a toric variety X is a real structure which satisfies 

(*) fi(a ■ x) = er(a) ■ (i(x) 

for all x G X, a G T. Of course, a canonical real structure is uniquely 
defined by the image of one point in the open orbit and any two canon- 
ical real structures are related by //(x) = t ■ p,(x), where t G T and 
a(t) -t = 1. 

Our goal is to generalize this notion to varieties acted on by reduc- 
tive algebraic groups. Let G be a connected reductive algebraic group 
defined over C. We recall that an algebraic involution 9 of G is called 
a Weyl involution if 9{t) = t^ 1 for all t in some algebraic torus T C G. 
Such an involution is known to be unique up to conjugation by an inner 
automorphism. By Cartan Fixed Point Theorem, one can always find 
a maximal compact subgroup K C G, such that 9(K) = K. Then the 
corresponding Cartan involution r commutes with 9 and the product 
(T = To# = #oTisan involutive anti-holomorphic automorphism of G 
defining the split real form. Assume now that G acts on an algebraic 
variety X. Then a real structure fi : X — > X is called canonical if /x 
satisfies the above condition (*) for all x G X, a G G. We remark that 
it suffices to check (*) only for a G K, in which case one can replace a 
by 9. 

The most natural generalization of toric varieties to the case of re- 
ductive algebraic groups is the notion of spherical varieties, which we 
recall in Section [U 
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Suppose X is affine and non-singular. For X spherical a canonical 
real structure always exists (P3, Theorem 1.2). However, 

in the non-spherical case such a structure may not exist even if X is 
homogeneous ( [AP] . Proposition 6.3). 

In this paper, we study the problem of existence of a canonical real 
structure for all homogeneous spherical varieties, affine or not affine. 
We also consider the similar question for some complete spherical vari- 
eties, namely the so-called wonderful varieties. The definition of won- 
derful and strict wonderful varieties is recalled in Section [TJ 

We start with a finiteness theorem for real structures on wonderful 
varieties (Theorem 12 ,4p . Then we prove some topological properties 
of a canonical real structure on a wonderful variety provided such a 
structure exists (Theorem 13.101) . After that we show that a canonical 
real structure exists and is uniquely defined for homogeneous spherical 
varieties G/H with H self- normalizing (Theorem |4.12p and for their 
wonderful completions (Theorem l4.13p . As an application we show that 
for a spherical subgroup H C G, whose normalizer is self-normalizing, 
there is always an anti-holomorphic involution a : G — > G, defining the 
split real form and such that <j(H) = H (Theorem 14. 14j) . Finally, we 
give an estimate of the total number of real form orbits in RX for the 
canonical real structure on a strict wonderful variety X (Theorem [5719]). 

1. Wonderful varieties 

Recall that G is a connected reductive algebraic group over C. A 
normal algebraic G-variety X is called spherical if X contains an open 
orbit of a Borel subgroup B C G. We denote the open orbits of B and 
G on X by X° B and Xq respectively. 

The following definition is due to D. Luna ( |Lulj ). An algebraic 
G- variety X is called wonderful if 

(i) X is complete and smooth; 

(ii) X admits an open G-orbit whose complement consists of a finite 
union of smooth prime divisors X% . . . , X r with normal crossings; 

(iii) the G-orbit closures of X are given by the partial intersections of 
the A7s. 

Remark that a wonderful variety X has a unique closed G-orbit. The 
latter is the full intersection of the boundary divisors X^ of X. 

D. Luna proved that wonderful G-varieties are spherical. The con- 
nected center of G acts trivially on a wonderful variety, so if G acts 
effectively then G is semisimple. If a spherical homogeneous space G/H 
admits an equivariant wonderful embedding then such an embedding 
is unique up to a G-isomorphism; see |Lul] and references therein. 
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By a theorem of F. Knop, a wondferful equivariant embedding of 
G/H always exists if the spherical subgroup H is self-normalizing in 
G; see [K]. 

Proposition 1.1. Let X be a wonderful variety and let X G = G/H. 

Then H has finite index in its normalizer. 

Proof. See Section 4.4 in [Brlj . □ 

A wonderful variety is called strict if each of its points has a self- 
normalizing stabilizer. The class of strict wonderful varieties includes 
flag varieties and De Concini-Procesi compactifications QDPJ). Strict 
wonderful varieties are classified in |BCF] . 

For any variety X, let Aut(A) denote the automorphism group of 
X. We will need the following proposition describing the identity com- 
ponent Auto (AT) f° r a wonderful G- variety X. 

Proposition 1.2 ([Br2j, Theorem 2.4.2). If X is wonderful under G 
then Auto (AT) is semisimple and X is wonderful under the action of 
Auto (A). 

In addition, we have the following proposition, for which we could 
not find a reference. 

Proposition 1.3. Let X be a wonderful variety. Then Auto(A) has 
finite index in Aut(A). 

Proof. Write Xq = G/H, where H is the stabilizer of a point Xq G X g . 
Let N be the normalizer of H in G. By Proposition II. II the orbit N -xq 
is finite. For any a G Aut(X) and g G Auto (A) put 

La{9) = a ■ 9 ■ a -1 - 

Let L denote the group of all automorphisms of the group Auto (A). 
Then we have the homomorphism 

if : Aut(A) — > L, ip(a) = i a , 

whose image contains the group of inner automorphisms of Auto (A). 
Since the latter group is semisimple by Proposition 11.21 Im(yj) has 
finitely many connected components. We now prove that Ker(yj) is 
finite. It then follows that Aut(A) has finitely many connected com- 
ponents. 

If a G Ker((p) then a commutes with all automorphisms from G. 
Thus a(gx ) = ga(x ) for all g G G. Since A has only one open G- 
orbit, we have a(X G ) = X G and, in particular, a(x ) = ax for some 
a G G. Now take g G H . Then 

ax = a(x ) = a{gx ) = ga(x ) = gax , 
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hence aga^ 1 G H and a G N. Since the A-orbit of Xo is finite, there 
are only finitely many possibilities for cixq. But, for a(xo) fixed, a 
is uniquely determined on the open G-orbit and thus everywhere on 
A. □ 

2. FlNITENESS THEOREM 

The group Aut(A) acts on the set of real structures on X by 

\i i— > a ■ 11 • a^ 1 . 

For X wonderful, we prove that this action has only finitely many 
orbits. 

Theorem 2.4. Let X be a wonderful variety. Then, up to an auto- 
morphism of X, there are only finitely many real structures on X . 

Proof. Assume that X has at least one real structure /j,q. Then Aut(A)- 
orbits on the set of real structures on X are in one-to-one correspon- 
dence with the co homology classes from if 1 (Z 2 , Aut(A)), where the 
generator 7 G Z 2 acts on Aut(A) by sending a to ^qc^iq. We now use 
the exact cohomology sequence, associated with the normal subgroup 
Aut (A) < Aut(A). From Corollary 3 in 1.5.5 of [S] it follows that 
H 1 {Jj2, Aut(A)) is finite if the following two conditions are fulfilled: 

(1) Aut(A)/Aut (A) is finite; 

(2) for the Z 2 -action on Aut (A) obtained by twisting the given 
action by an arbitrary cocycle a G Z 1 (Z 2 , Aut(A)) the corresponding 
cohomology set H 1 (Z 2 , a Aut (A)) is finite. 

We have just proved (1). Since Auto(A) is linear algebraic, (2) follows 
from Borel-Serre's Theorem (see |BSj ). □ 



3. General properties of equivariant real structures 

Let A be a non-singular complex algebraic variety with a real struc- 
ture \i : X — > X. Suppose G is a connected algebraic group acting on 
A and let a : G — > G be an involutive anti-holomorphic automorphism 
of G as a real algebraic group. Then the fixed point subgroup 

G ff = {geG\a(g) = g} 

is real algebraic and its identity component Gq is a closed real Lie 
subgroup in G. 

We call fi a a-equivariant real structure if 

(j,(g ■ x) = a(g) ■ for all g G G, x G A. 
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Later on, we will be interested in the case when G u is a split real form 
of a reductive group G; see Introduction. However, in the following 
elementary lemma G and a are arbitrary. 

Lemma 3.5. Let H C G be an algebraic subgroup and let X = G/H. 

Suppose xq G MX. Then the connected component of MX through Xq 
coincides with Gq ■ x . The orbit Gq ■ Xq is Zariski dense in X . 

Proof. Let n be the complex dimension of X. Then the real dimension 
of MX is also n. Since /i is cr-equivariant, we have G a {xo) C MX. Thus 
it suffices to show that dimCo(xo) > n. Let G XQ be the stabilizer of x 
in G. Then Gq fl G XQ is a totally real submanifold in G xo , hence 

dim R Gq n G xo < dim c G xo , 

and so we obtain 

dim Gq ■ x = dim Gq — dim Gq fl Cr xo > dim c G — dim c Gr xo = n. 

Finally, since Gq ■ xq C X is a totally real submanifold of maximal 
possible dimension, Gq • xo is not contained in an algebraic subvariety 
of dimension smaller than n. 

□ 

From now on G is reductive. We need some preparatory lemmas on 
the involution a : G — > G defining the split real form of G. We also 
fix some notation, which will be used all the time in the sequel. So let 
T C G be a torus, on which a acts as the involutive anti-holomorphic 
automorphism with fixed point subgroup being the non-compact real 
part of T. In coordinates, if T ~ (C*) r then 

a(z ± , ...,z r ) = {z 1 ,...,z r ), z = (zi, . . . , z r ) E (C*) r . 

Lemma 3.6. Let x be a character of T . Then x° a — X- 

Proof. Take t in the non-compact real part of T. Then a(t) = t and 
the value of x is re& l- This shows that the weights x ° °~ an d X coincide 
on real points, hence also everywhere by analytic extension. □ 

Lemma 3.7. Let q be the Lie algebra of G. Denote the associated 
involution of g again by a. Then all root spaces in g are a -stable. 

Proof. Let a : T — > C* be a root, Q a the corresponding root space, 
X a G Q a , and t G T. Then 

Ad(t) • X a = a(t)X a 

implies 

Ad(a(t))-a(X a )=^t)a(X a ) 
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or, equivalently, 

Ad(t) ■ a(X a ) = a o a(t) a(X a ) = a{t) a(X a ), 

where the last equality follows from Lemma I3TB1 Therefore cr(X a ) e a , 
showing that the root spaces are cx-stable. □ 

Corollary 3.8. With the above choice of T we have o~(B) = B and 
cr(P) = P for any Borel subgroup B C G containing T and any para- 
bolic subgroup P C G containing B. 

Proof. The Lie algebras of p and b are spanned by root spaces and the 
Lie algebra t of T, so Lemma [3.71 applies. □ 

We will assume throughout the paper that T, B and P are chosen as 
in Corollary 13.81 

Proposition 3.9. With the above choice of P, define a self-map of the 
flag variety X = G/P by fi(g- P) = a(g) ■ P. Then \x is a a-equivariant 
real structure on X. Such a structure is uniquely defined. The set 
M.X is the unique closed G^-orbit on X. In particular, the (possibly 
disconnected) real form G G is transitive on M.X . 

Proof. Clearly, the map fi is correctly defined, anti-holomorphic, o- 
equivariant, and involutive. If there is another cx-equivariant real struc- 
ture // on X, then the product fi' ■ fi is an automorphism of X com- 
muting with the C7-action. Since P is self-normalizing, such an auto- 
morphism is the identity map, hence // = \l. By construction, the 
base point e • P is contained in M.X. According to Lemma I3.5[ each 
connected component of M.X is a closed Gq -orbit. By [W] such an orbit 
is unique, so RX is connected and coincides with that orbit. The last 
assertion is now obvious. □ 

For a wonderful variety X, the existence of a a-equivariant real struc- 
ture requires some work involving Luna-Vust invariants of spherical 
homogeneous spaces. We postpone this until the next section. Here, 
assuming that such a structure \i exists, we study geometric properties 
of MX. The notation is as in Section 1. In particular, 

y = x l n . . . n x r 

is the unique closed G-orbit in X. Note that n(Y) = Y and M.X R Y 
is the unique closed Gg-orbit in Y by Proposition 13.91 

Theorem 3.10. Let X be any wonderful G-variety equipped with a 
a-equivariant real structure \i. Then: 

(i) Gq has finitely many orbits on MX; 

(ii) RX fl Gx 7^ for any x G X; 
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(iii) there is exactly one closed G^-orbit in MX; this orbit is con- 
tained in the closed G-orbit and is G°~ -homogeneous; 

(iv) MX is connected. 

Proof, (i) MX is a non-empty real algebraic set. In particular, MX has 
finitely many connected components. By Lemma 13.51 each of them is 
one Gq -orbit. 

(ii) We choose B as in Corollary 13.81 We prove first that \i preserves 
G-orbits. This is clear for the open orbit, because its //-image is also an 
open orbit which is unique. Since the orbit structure is well understood 
(see Section 1), it is enough to prove that /i(Xj) = Xi, where X, are 
the boundary divisors. Equivalently, it suffices to prove that the G- 
invariant valuation t>j centered on Xi is //-invariant in the sense that 

for any / G C(X) \ {0}. It is enough to check this on i?-eigenfunctions 
(see Appendix lA.lj) . but then Lemma [3761 yields the required equality. 

Now, let G ■ x be any G-orbit on X and let cl(G • x) be its Zariski 
closure within X. Since G ■ x is //-stable, so is cl(G • x). Note that 
Y C cl(G-x), therefore Z : = Mnd(G-i) ^ 0. Furthermore, cl(G-x) 
is a non-singular variety and Z C cl(G • x) is a totally real submanifold 
of maximal possible dimension. Therefore Z is not contained in the 
boundary cl(G ■ x)\G • x. 

(iii) Given a closed orbit Gq • y C M.X, consider the orbit G a ■ y, 
which is also closed, and take a fixed point of the real form B u C B 
thereon. The existence of such a point follows from Borel's theorem 
for connected split solvable groups. Assuming B a ■ y = y, we also have 
B ■ y = y. But then G • y is projective, i.e., G ■ y — Y. Thus our 
statement is reduced to the case of flag varieties, and we can apply 
Proposition 13.91 

(iv) Assume MX is disconnected. Since MX n Y is connected, we can 
find a connected component W of MX, such that W R Y = 0. Then 
W is a closed Gg-orbit and G CT • W is a closed G^-orbit, which also has 
empty intersection with Y. On the other hand, by the above argument, 
B a has a fixed point on G CT ■ W. Since that fixed point is also fixed by 
B, it belongs to the closed G-orbit Y. We get a contradiction showing 
that MX is in fact connected. 

□ 

4. The canonical real structure 



Recall that T and B are chosen as in Corollary 13.81 
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Proposition 4.11. Any spherical subgroup H C G is conjugate to 
o~(H) by an inner automorphism of G. 

Proof. We note first that cr(H) is a spherical subgroup of G. We shall 
prove that the Luna-Vust invariants attached to X x = G/H and X 2 = 
G/a(H) are the same and then use the theorem in Appendix IA.1[ from 
where we also take the notations. 

Consider the map /i : X% — > X 2 defined by 

X x 3 g ■ H A a(g) ■ a(H) e X 2 . 

We show that \i defines a bijection between the sets of £>-eigenfunctions 
on X 2 and X\. Moreover, the associated map A + (X 2 ) — > A + (Xi) is 
the identity map. Namely, let / be a 5-eigenfunction in C(X 2 ) and 
let A be its £?-weight. Then the complex conjugate of / o // is a B- 
eigenfunction in C(X 1 ) with weight A o a. The latter is equal to A by 
Lemma [3.61 Since we can apply the same argument to the map 
it follows that the weight lattices of X\ and X 2 coincide and \x induces 
the identity map on A+(X 2 ) = A + (Xi). 

Further, consider the map V(Xl) —> V(X 2 ), defined by 

v i-> (/i-). v(fofi)). 

This map is obviously bijective. Namely, its inverse is defined analo- 
gously by means of the mapping /x -1 : X 2 — > X x . 

Finally, there is a natural bijection t : V G Xl — > ^g,x 2 sending D to 
71 2[o~(t!~i 1 (D)] where ~K\ and 7r 2 are the projections from G to X\ and 
X 2 respectively. For this mapping, y? t (D) evaluated on A o o gives the 
same result as (pp evaluated on A. By Lemma T3.6[ A o a coincides with 
A, and so we have (p t m) — <Pd- Similarly, G^d) = ct(Gd) = Go because 
Gd is a parabolic subgroup containing B. □ 

Theorem 4.12. Let H be a spherical subgroup of G and a e G such 
that cr(H) = aHa^ 1 . The assignment 

Ho : gH h-> a(g)aH 

defines an anti-holomorphic o-equivariant diffeomorphism of G/H. If 
H is self-normalizing then this map is involutive, hence a a-equivariant 
real structure on G/H. Furthermore, for H self-normalizing a a- 
equivariant real structure on G/H is uniquely defined. 

Proof. The first assertion follows from Proposition 14. Ill Further, since 
a is an involution of G, a (a) a belongs to the normalizer of H in G. The 
latter coincides with H. This proves the second assertion. The product 
of two cx-equivariant real structures on G/H is an automorphism of 
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G/H commuting with the G-action. For H self- normalizing in G such 
an automorphism is the identity map, and the last assertion follows. □ 

Theorem 4.13. Let H be a self-normalizing spherical subgroup of G 
and let X be the wonderful completion of G/H. Then there exists one 
and only one o-equivariant real structure of X . 

Proof. Let i : G/H — > X be the given wonderful completion and let 
1 : G/H — > X be the corresponding anti-holomorphic map with X 
being the complex conjugate of X. Recall that X = X as sets and 
that the sheafs of regular functions of X and X are complex conjugate. 

We endow X with the G-action (g, x) H- a(g) ■ x, where (g, x) \- > g ■ x 
is the given action of G on X. Note that this new action is regular on 
X. 

Consider the real structure fiQ introduced in Theorem 14.121 Then 
«o/i is again a wonderful completion of G/H. Since two wonderful 
completions of G/H are G-isomorphic, there exists a G-isomorphism 
/i : X — > X such that // o i = I o // - The map fi defines a cr-equivariant 
real structure on X. 

Finally, a cr-equivariant real structure on X is defined by its restric- 
tion to the open G-orbit in X. The restriction is unique by Theo- 
rem E2J □ 

In the remainder, the real structure defined in Theorem I4.13l is called 
the canonical real structure of X. We want to give here a group- 
theoretical application of Theorem 14.131 

Theorem 4.14. If H C G is a spherical subgroup with self-normalizing 
normalizer then there exists an anti-holomorphic involution a : G — > G, 
defining the split real form and such that cr(H) = H. Moreover, one 
can find a Borel subgroup B C G, such that B ■ H is open in G and 
a{B) = B. 

Proof. Let N be the normalizer of H in G. We start with some a 
and take a e G as in Theorem I4.12[ i.e., o~(H) = aHa~ l . Then, of 
course, c(N) = aNar 1 . Let X be a wonderful equivariant completion 
of G/N and let [i be the canonical cr-equivariant real structure on X. 
By Theorem 13.101 we can find a /i-fixed point in the open orbit. Let 
fi(g ■ N) = g ■ N. Replace cr by o~\ = ig^crig , where i go is the inner 
automorphism of G given by i ^ goxg® 1 ■ Also, replace fj, by //i = 
fi'cTVfi'o- A straightforward calculation shows that /ii(gx) = ai(g)n.\(x) 
for all g G G, x G X, i.e., /ii is a cri-equivariant real structure on X. 
Moreover, for the new pair (/ii, o^) we have 

Hx(e ■ N) = G^VsoXe ■ N) = g^^go -N)=e-N. 
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Comparing the stabilizers at e • N and /xi(e • N), we get 

<Ji(N) = N. 

It follows that 

N = a^N) = z;>z S0 (N) = g Q l <y{g ) a{N) a{g Q )- l g Q . 

As we have seen, o~(N) = aXa -1 . Substituting this in the previous 
equality, we get gg 1 a(go)a e N, and it follows that (?i(H) = H. 

Now, assuming cr(H) = H consider the subset Q C G/B whose 
points correspond to the Borel subgroups B* C G with B* ■ H open 
in G. Then Q is Zariski open and cx-stable. The subset of cr-fixed 
Borel subgroups is a totally real submanifold in G/B, having maximal 
possible dimension. Thus its intersection with Q is non-empty. □ 

Remark 4.15. The normalizer of a spherical subgroup is in general 
not self- normalizing, see Example 4 in |Av] . In Theorem I4.14[ we do 
not know if the condition of N being self-normalizing is essential. 

5. Real part: local structure and Gq-orbits 

Let X be a strict wonderful G-variety of rank r equipped with the 
canonical real structure p,. For a complex vector space V and an anti- 
linear map v : V — > V we denote by the same letter v the induced 
anti-holomorphic map of P(V). 

Proposition 5.16. There exist a simple G-module V with the asso- 
ciated representation p : G — > GL(V), an anti-linear involutive map 
v : V — > V , and an embedding (p : X — > f(V), such that 

(i) u(p(g) ■ v) = p(a(g)) ■ u(v) (v e V), 

(ii) (f(gx) = p(g) ■ <p(x) (x E X) and 
(hi) (p(px) = uif(x) {x G X). 

In particular, MX is G° -equivariantly embedded into the real projective 
space RP(V) C F(V), defined by v. 

Proof. Since X is a non-singular projective G-variety, X can be G- 
equivariantly embedded into the projectivization of a G-module. Let 
ip : X — > F(V) be such an embedding and let p : G — > GL(V) de- 
note the representation associated to V. Since X is a strict wonderful 
variety, we may choose V to be simple; see [P] . 

Now, equip the complex conjugate vector space V with the G-module 
structure given by g i-> p(a(g)). By Lemma 13. 6^ it follows that the 
G-modules V and V are isomorphic. In other words, we have an anti- 
linear map v : V — > V satisfying (i). Though v is not necessarily 
involutive, we can modify v to get this property. As in Appendix IA.21 
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let v~ be a lowest weight vector of V. Then v(v~) is also a lowest 
weight vector, hence v(v~) = cv~ for some c G C*. This implies 
v 2 {v~) = v(cv~) = c- v(v~) = \c\ 2 v~ . Replacing v by v/\c\, we get an 
involutive anti-linear map satisfying (i). 

Since (ii) is clear from the construction, it remains to show (iii). Note 
that uoipofj, is another G-equivariant embedding of X into P(V). Thus 
(iii) follows from the uniqueness of such an embedding; see [P]. □ 

Let Z be the slice defined in Appendix IA.2I We show that Z can 
be chosen to be //-stable. As we have seen in Proposition 15.161 the 
line C • v~ is //-stable. So we may assume that v(v~) = v~ . Then 
the tangent space W := T v -G ■ v~ is also ^-stable. Consider the real 
vector space RV = {v G V \ u(v) = v} and let RW = Wn RV. Then 
RW is stable under If and, also, under the Lie algebra F of L° ' . Now, 
the center of i a is contained in the center of the complexified algebra 
[ = P ® C and is therefore represented by semisimple endomorphisms of 
RV. The complete reducibility theorem for reductive Lie algebras over 
M. implies that RW has a ["-stable complement in RV^; see [C], Ch.IV, 
§ 4. Call this complement E$_. The complexification <g> C C V is 
[-stable and therefore L-stable. So we can take E = E^ <g) C. Note 
that Etr = E fl RV is not just [""-stable, but also L°"-stable even if L a 
is disconnected. 

Obviously, v(E) = E. Furthermore, the linear form r\ in Appen- 
dix IA.2I can be chosen real. Therefore, using (iii) of Proposition I5.16[ 
we see that /i(Z) = Z. Note that P u ■ Z is //-stable and R(P U ■ Z) = 
(P u ) a ■ RZ. 

The first assertion of the following proposition is a real analogue of 
Local Structure Theorem in |BLVj ; see also Appendix I A. 21 

Proposition 5.17. (i) The natural mapping 

(P U Y x (RZ) -»■ (P u ) a ■ RZ = R(P U ■ Z) 

is a (P u y -equivariant isomorphism. 

(ii) Each G^-orbit in RX contains points of the slice Z. 

Proof. The first assertion follows readily from Local Structure Theorem 
and the above construction of Z. 

To prove (ii), take a point x G RX. Since X is wonderful, the orbit 
G ■ x is not contained in a prime divisor D G T>(X). The intersection 
G ■ x H (Ud(x)-D) is a proper Zariski closed subset in G ■ x. By the 
last assertion of Lemma I3.5[ this subset does not contain Gq ■ x. Thus 
Gl ■ x n X \ U V{X )D ^ 0, and (ii) follows from (i). □ 
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In the remainder, x denotes a real point in Xq D Z and H C G is the 
stabilizer of x. We assume that cr(-B) = B and = It follows 
that cr(H) = H . Note also that B ■ H is open in G because the orbit 
B ■ x is open in X. 

As we recall in Appendix \A.2\ T acts linearly on Z and the corre- 
sponding characters, say 71,..., j r , are linearly independent. These 
characters are usually called spherical roots of X. Further, we have 

TnH = p| ker 7i . 

i 

Set 

A = T/T n # 

and let 2 A C A be the subgroup of elements of order at most 2. Note 
that any element t G T can be uniquely written as 

t = t t 1 , where t G Tq and o~(ti) = if 1 . 

Such a decomposition of t will be referred to as the decomposition of t 
with respect to a. 

Proposition 5.18. The Tq -orbits ofM.Z C\ Xq are in one-to-one cor- 
respondence with the elements of 2 A. In particular, the number of such 
orbits does not exceed 2 r . 

Proof. Let t G T and let y = t-x be a real point. Then (7i°cr)(i) = Ji(t) 
for every spherical root 7$ of X. By Lemma T3. 61 it follows that ji(t) is 
real- valued. If i = toti is the decomposition of t with respect to a, then 
we have 7i(£i) = ±1. Therefore t\ G H. Assigning to y G fl Xg 
the image of t\ in A, we get a correctly defined map from the set of 
T ff -orbits on RZ H X£ to 2 A: 

ol ~. Tq \ (RZ n X° ) -> 2 A 

The injectivity of a is obvious. To prove the surjectivity, take any 
t G T, such that t 2 G if. Then ^(t 2 ) = 1, hence ^(t) = ±1. It follows 
that £ • x is a real point. Furthermore, ji(t ) = 1 and ji(ti) = ji(t). 
Hence t ■ H = t t ■ H and a(T CT • 2) = t mod TnH. □ 

Let / denote a subset of {1, . . . , r} and let Oj C X be the corre- 
sponding G-orbit. Recall that O7 is //-stable. 

Theorem 5.19. (i) Each G a Q-orbit in M.Oj intersects the slice Z in a 
finite number of Tq -orbits. The number of Tq -orbits in WLZ fl 0/ does 
not exceed 2 r ~' / ' . 

(ii) RO7 contains at most 2 r_ ' / ' G° -orbits. 
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(iii) The total number of Gq- orbits in RX is smaller than or equal to 




Proof. Recall that the G-orbit closures in X are also strict wonderful 
G- varieties. Furthermore, the rank of the orbit closure cl(0/) equals r — 
|/|; see Sect. 3.2 in |Lu2] . Thus (i) follows from (ii) of Proposition [5TTT| 
along with the estimate in Proposition 15.181 From (i) we get (ii), and 
(iii) is obtained by summing up over all G-orbits. □ 

Example 1. Let (P n )* denote the variety of hyper planes of C n+1 and 
let X = P n x (P n )* be acted on diagonally by G = PGL n+l (C). Suppose 
n > 1. Then X is a strict wonderful variety of rank 1. The canonical 
real structure [i is defined by the complex conjugation on each factor 
of X. Moreover, G a = G a = PGL n+1 (R) acts on RX with two orbits. 

Example 2. Consider the quadratic form 

F(z) = z\ + . . . + z 2 p - z 2 p+l - ... - z 2 p+q , q>p>0, p + q>2. 

The corresponding orthogonal group G = SOf acts on X = P m as a 
subgroup of SL m+ i(C), where m = p + q — 1. Under this action, X is a 
two-orbit G- variety. The closed G-orbit is given by the equation F = 0. 
Again, X is a strict wonderful variety of rank 1. Let // : X — > X and 
a : G — > G be the involutive mappings defined by complex conjugation. 
Then fi is a cr-equivariant real structure on X. Note that a defines a 
split real form of G only for q = porq = p + l. The real part M.X 
is the real projective space KP m , on which Gq acts with three orbits: 
F > 0, F < and F = 0. 

Remark 5.20. Starting with a real semisimple symmetric space, A. 
Borel and L. Ji considered the wonderful completion of the complexified 
homogeneous space. In this special setting, the completion is defined 
over R in a natural way. For the description of real group orbits on the 
set of its real points see |BJj . chapters 5-7. 

Appendix A. Spherical varieties: invariants and local 

STRUCTURE 

A.l. Luna-Vust invariants of spherical homogeneous spaces. 

We recollect the definition of the combinatorial invariants attached to 
a given spherical G- variety X; see [LV] . 

Let C(A) denote the function field of X. Then the natural left action 
of G on X yields a G- module structure on C(X). The weight lattice 



ON THE CANONICAL REAL STRUCTURE ON WONDERFUL VARIETIES 15 

A + (X) is the set of B- weights of the 5-eigenfunctions of C(X). Since 
X is spherical, the %-weight space of C(X) is of dimension 1 for every 

x eA+(X). 

Let V(X) be the set of G- invariant discrete Q- valued valuations of 
C(X). Consider the mapping 

p : V(X) -> Hom(A+(X), Q), v m- ( X H> v{f x )). 

where f x is a 5-eigenfunction of C(X) of weight x- The map p is 
injective, hence one may regard V(X) in Hom(A + (X), Q). Further, this 
cone is convex and simplicial. The cone V(X) is called the valuation 
cone of X; see for instance [BrlJ. 

Define the set of colors T>(X) of X as the set of -B-stable, but not 
G-stable prime divisors of X. This is a finite set equipped with two 
maps, namely, D \-t piyo) and D i-> Gjj with v D (resp. Go) being the 
valuation defined by (resp. the stabilizer in G of) the color D. 

The Luna-Vust invariants of X are given by the triple A + (X), V(X), 
T>(X). For two spherical G- varieties X and X', the equality T>(X) = 
T>(X') means that there exists a bijection i : T>(X) — > T>(X'), such 
that G D = G L{D) and p(v D ) = p(v l{D) ). 

Theorem 1.21 ( |Loj ) . Let H and H' be spherical subgroups ofG. If H 
and H' have the same Luna-Vust invariants then they are G-conjugate. 

A. 2. Local structure. We recall the so-called Local Structure Theo- 
rem with special emphasis on the case of wonderful varieties. 

Let G denote a connected reductive algebraic group. Fix a Borel 
subgroup B of G and a maximal torus T C B of G. 

First, consider any normal and irreducible G- variety X and let Y be 
a complete G-orbit of X. Let y G X be fixed by the Borel subgroup 
B~ of G opposite to B and containing T. Let P denote the parabolic 
subgroup of G opposite to the stabilizer G y and containing T. Then 
L = P n G y is a Levi subgroup of P, so that P = L ■ P u , where P u 
is the unipotent radical of P. Theorem 1.4 in |BLV] asserts that there 
exists an affine L-variety Z, such that y G Z and the natural map 
P u x Z — > P u ■ Z is an isomorphism. 

Suppose now that X is spherical and denote the set of colors of X 
by T>(X); see Appendix IA.11 Further, if Y is the unique closed G-orbit 
in X then P U Z is the affine set X \ \Jd(x)D and Z is a spherical L- 
variety. In the case of wonderful varieties Theorem 1.4 in (BLVj can be 
formulated as follows; see |Lulj . Sect. 1.1, 1.2, and |Brlj . Sect. 2.2-2.4. 

Theorem 1.22. Assume X is a wonderful G-variety. There exists an 
affine L-subvariety Z of X containing y such that 
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(i) P u x Z —¥ X \ \Jd(x)D : (p, z) H- p.z is an isomorphism. 

(ii) The derived group of L acts trivially on Z and Z intersects each 
G-orbit of X in one single T -orbit. 

(iii) The variety Z is the affine space of dimension equal to the rank 
r of X Moreover, Z is acted on linearly by T and the corresponding r 
characters ofT are linearly independent. 

Note that (ii) is a consequence of the configuration of the G-orbit 
closures in a wonderful variety. To obtain (iii), remark that Z is smooth 
since so is X and thereafter apply (ii) together with Luna Slice Theo- 
rem. 

Let us now recollect how the slice Z is constructed in the case of strict 
wonderful varieties. One may consult |BLV] for a general treatment. 
Let 

if : X -> ¥(V) 

be an embedding of X within the projectivization of a finite dimen- 
sional G-module V. Thanks to [P] , we can take V to be simple. Then y 
regarded in P( V) can be written as [v~] with v~ being a ^"-eigenvector 
of V (unique up to a scalar). Since L is reductive, there exists an L- 
module submodule E C V such that 

V = T v -G-v~®E, 

where T v -G ■ v~ stands for the tangent space of the orbit G • v~ at the 
point v~. Let 77 be the linear form on V such that f]{v~) = 1 and rj is 
a S-eigenvector. Let F(Cv~ © E) v be the open set of P(V) on which rj 
does not vanish. Then 

Z = V - 1 (P(CtT © E) v ) . 
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